Abstract. The differential eigenvalue problem describing eigenvibrations of a bar with fixed ends and attached load at an interior point is investigated. This problem has an increasing sequence of positive simple eigenvalues with limit point at infinity. To the sequence of eigenvalues, there corresponds a complete orthonormal system of eigenfunctions. We formulate limit differential eigenvalue problems and prove the convergence of the eigenvalues and eigenfunctions of the initial problem to the corresponding eigenvalues and eigenfunctions of the limit problems as load mass tending to infinity. The original differential eigenvalue problem is approximated by the finite difference method on a uniform grid. Error estimates for approximate eigenvalues and eigenfunctions are established. Theoretical results are illustrated by numerical experiments for a model problem. Investigations of this paper can be generalized for the cases of more complicated and important problems on eigenvibrations of beams, plates and shells with attached loads.
Introduction
Let us formulate the differential eigenvalue problem governing eigenvibrations of the barload system. Assume that the elastic bar axis occupies in the equilibrium position the segment [0, ] l on the Ox axis. Denote by ( ) x ρ the volume mass density, ( ) E x the elasticity Young modulus, ( ) S x the square of transversal cut of the bar. Suppose that the ends 0 x = and x l = of the bar are rigidly fixed, at a point (1) (0, ) x l ∈ of the bar a load of mass M is rigidly joined. Then the longitudinal deflection ( , ) w x t of the bar at a point x at time t satisfies the following equations 2 (1)
where (1) ( 
(1)
Problem (4), (5) has an increasing sequence of positive simple eigenvalues with limit point at infinity. To the sequence of eigenvalues, there corresponds a complete orthonormal system of eigenfunctions. In the present paper, limit properties as M → ∞ of eigenvalues and eigenfunctions of problem (4), (5) are studied. To illustrate theoretical results, the initial problem is approximated by the finite difference method on a uniform grid. The errors of approximate eigenvalues and eigenfunctions are studied.
Parameter dependent eigenvalue problems are applied for investigating and solving nonlinear eigenvalue problems. Nonlinear eigenvalue problems have numerous applications in science and engineering [1] [2] [3] [4] [5] . Computational methods for solving nonlinear matrix eigenvalue problems were studied in [6] [7] [8] [9] [10] [11] [12] [13] [14] . The error of the finite difference method for solving differential eigenvalue problems with nonlinear dependence on the spectral parameter was investigated in [1, 15] . For nonlinear differential spectral problems, the finite element method was studied in [16] [17] [18] [19] based on the use general results in the linear case [20] [21] [22] [23] . Approximate methods for solving applied nonlinear boundary value problems and variational inequalities have been investigated in the papers [24] [25] [26] [27] [28] [29] [30] .
Limit properties of the bar-load eigenvalue problem
Define sufficiently smooth functions ( ), p x ( ), r x , x ∈ Ω for which there exist positive constants ,
, x ∈ Ω and bilinear forms (1) ( 
Problem (4), (5) has an increasing sequence of positive simple eigenvalues with limit point at infinity ( ),
 These eigenvalues correspond to an orthonormal system of eigenfunctions ,
,
Introduce the following limit problem: find numbers µ and nonzero functions ( ),
Problem (7), (8) 
Problem (9), (10) has one eigenvalue η which is positive and simple. There exists a unique
corresponding to the eigenvalue .
η Theorem 1. The following limit properties hold: ( )
The proof of this theorem generalizes results from [4] .
Numerical experiments
Introduce the partition of the segment [0, ] l by equidistant points , 
Problem (11), (12) To illustrate theoretical results of Theorem 1, we have solved the eigenvalue problem
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